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Abstract
The general structure of N=2 moduli space at arbitrary genus and instanton
number is investigated. The N=2 NSR string measure is calculated, yielding picture-
and U(1) ghost number-changing operator insertions. An explicit formula for the
spectral ow operator acting on vertex operators is given, and its eect on N=2
string amplitudes is discussed.
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1 Introduction. The recent interest [1, 2, 3] in computing loop scattering am-
plitudes of critical N=2 strings in 2+2 dimensions is partially motivated by a rich
structure of N=2 moduli space, which leads to some novel features of string per-
turbation theory when compared to the N=1 and N=0 cases. In refs. [1, 2, 3], an
N=4 (twisted) supersymmetrical topological description of critical N=2 strings was
used to bypass problems with the (bosonized) N=2 superconformal ghosts and the
location of the N=2 picture-changing operators. Still, it is of interest to pursue the
non-topological approach of integrating correlation functions of BRST-invariant ver-
tex operators over all N=2 supergravity moduli. We shall show, in particular, how
the integration over U(1) moduli generates U(1) ghost number-changing operators
and implements the spectral ow for string amplitudes.
In refs. [4, 5, 6], we have investigated the critical N=2 string in the BRST formal-
ism, but conned ourselves to calculating the BRST cohomology and tree amplitudes
without U(1) instantons. In this letter, we are going to describe the structure of the
N=2 moduli space at arbitrary genus and U(1) instanton number, and calculate the
string measure resulting from integrating out fermionic as well as U(1) moduli.
The gauge-invariant N=2 string world-sheet action is given by the minimal cou-







supergravity comprising a zweibein e
a

or a metric g

, a real U(1) gauge eld A

,





all living on the two-dimensional (2d) world-sheet. The
local symmetries are given by 2d reparametrizations, local Lorentz and Weyl invari-







The world-sheet  is supposed to arise from a closed orientable
N=2 super-Riemann surface, whose topology is characterized by two integers, its






are complex-valued, and  = 0; 1 is a vector index w.r.t. the spacetime
`Lorentz group' U (1; 1).
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The superscript  of a eld denotes its U (1) charge 1, and ;  = 0; 1 are 2d world-sheet
indices.
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F = k ; k 2 Z : (1)
Here, the curvature two-form R and the U(1) eld strength two-form F = dA have
been introduced. Finally, correlation functions require the introduction of a third
integer, n 2 N , which counts the number of punctures on 
h;n
.






) is the vertical connection
on a principal U(1) bundle over 
h;n





the instantonic part A
inst
saturates the instanton number, c(A
inst
) = k, and A
0
is




) = 0. The ambiguity in choosing a representative
A
inst
is contained in the space of A
0
's. Since we are going to integrate over the moduli
space of all U(1) connections, we need to decompose A
0
into gauge and moduli parts.





= d + ! +A
Teich
; (2)





of freedom, respectively, and A
Teich
is a harmonic one-form on 
h;n
representing
the U(1) Teichmuller degrees of freedom.
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In the presence of punctures, however,
this decomposition is not yet unique. There exist harmonic one-forms which are also
exact or co-exact but diverge at the punctures. In locally at holomorphic coordinates

























ln jzj dz^dz (3)




A = 2i 
(2)
(z) dz ^ dz (4)
vanishes away from the puncture, implying 
~







 is multi-valued around z=0. Clearly, 
~
A represents a Dirac monopole
6
After Wick-rotating the world-sheet to the Euclidean regime, it is better to think of c as a U (1)
monopole charge.
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We use the notation  = d, where the star means Hodge conjugation, so that  = d + d
and d
2
= 0 = 
2
. The connection A
Teich
is both closed and co-closed, dA
Teich




with magnetic charge .
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 =  d  ~! ; (5)
to manufacture an exact (but not co-exact) harmonic one-form which does not con-
tribute to the curvature F at all. We shall render the decomposition (2) unique by
putting such gauge elds into the A
Teich





(1) gauge degrees of freedom but do something non-trivial to the punctures.
With  and ! being smooth at the punctures, the U
A
(1) gauge symmetry changes F























A second condition arises from the fact that the Lorentz gauge condition, A = 0,






























= d i  d ; 


















 i  A
0
; (9)















Independent of c, it is easy to count the dimension of the U(1) Teichmuller space.
On 
h;n




, i = 1; : : : ; h, which may be


































Globally, the condition c(A
0
) = 0 forces the sum of all magnetic charges to vanish.
4
as well as 2n real one-forms of the type given in eqs. (3) and (5), namely two for
each puncture. However, eqs. (6) and (7) put two real constraints on the coecients
multiplying the latter, so that the total real dimension equals 2h+ 2n   2 for n>0.
Not all U(1) Teichmuller variations are moduli, however. Whenever the Wilson
loops















become trivial (= 1) for some A
Teich
and all cycles , we have encountered a `big'
U(1) gauge transformation. Invariably, this will happen if the coecients multiplying

















































Therefore, the U(1) moduli space of 
h;n




































. All phases range from 0 to 1. It is important to note,
however, that one may change the value of c simply by shifting the 
`
so that the










This picture does not depend on the value k of the instanton number c. For a thorough
discussion of such matters in the context of N=0 and N=1 strings, see ref. [7].
From now on we shall employ the U
V
(1) Lorentz gauge, A
0





= 0, on 
h;n
, eectively setting  = ! = 0 in eq. (2). The U(1)
moduli space can then be seen as the moduli space of at connections on 
h;n
, which



















= Pic(h; 0) ; (17)
5
where 
 is the period matrix of . It is dieomorphic to the torus Pic(h; 0) para-
metrizing all at holomorphic line bundles over 
h;0
















around the punctures on the Rie-
mann sphere 
0;n
. The corresponding at connections are given by linear combina-
tions of the singular one-forms given in eq. (10), for each puncture.
To construct the N=2 string measure, we need to know the instanton solution
A
inst
and the at connection A
Teich
explicitly, in terms of moduli. As far as A
inst
is concerned, it can be chosen to satisfy the Laplace-Beltrami equation (of motion)
and the gauge condition A
inst
= 0 on the punctureless Riemann surface   
h;0
.





















= 0 ; (19)








































of  has been introduced. The solution to eq. (20)

















































































































The solution to eq. (22) can be expressed in terms of the prime form E(z;w)
9
as






































but change by a gauge transformation (as long as k is integer).
Turning to A
Teich
















































































(!^; A) is theN=2 supergravitational covariant derivative containing the spin
connection !^







under all other local symmetries, with a U(1) charge of 1. Hence, the gravitini are




The local symmetries of eq. (27) allow one to gauge away all 8 real Grassmann
degrees of freedom of 






















= 0 ; (28)
and similarly for 

z
(signs are correlated). We have used the superconformal gauge,
in which !^
z
= 0 and all 's are -traceless. The solutions of eq. (28) are the fermionic
moduli on 
h;n
. Their number depends on h and n as well as on the instanton














= 2(h   1) k + n : (29)
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The prime form E(z; w) is a holomorphic ( 
1
2
; 0) form in z and w, with a single zero at z = w.
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For h > 1, the contributions to a positive index generically come from the rst term,
so that on reads o 2(h 1)+n+k positively charged and 2(h 1)+n k negatively






modes, which implies the vanishing of the corresponding n-point correlator. This
restricts the range of the sum over k to
jkj  2(h   1) + n : (30)







contains the non-holomorphic A
inst
z
of eq. (21). Even without
punctures (n=0), the gravitini bundles cannot in general be holomorphic line bundles.
The latter are (twisted) integral or half-integral powers of the canonical line bundle
and as such always yield integral multiples of h 1 for ind
^
D. The r.h.s. of eq. (29),
however, is of this form only when k itself is a multiple of h 1, in which case the
gauge connection may be absorbed in the spin connection, eectively shifting the




































is the gauge-invariant N=2 string (matter) action, V
`
represent vertex
operators for particles, and N denotes the volume of the gauge group. We x the
N=2 superconformal gauge and use the BRST method [5]. A careful treatment of









yields anti-ghost zero mode insertions for each moduli direction. As we already know
from N=0 and N=1 string theory [7], these anti-ghost insertions come paired with
the corresponding Beltrami dierentials which are the tangents to the moduli slice.
Let us take h>1 for simplicity; the cases of the sphere and torus require obvious minor
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) for N=2 superconformal ghosts, and (
~
b; ~c) for U (1) ghosts. The ghosts for the Weyl and
super-Weyl symmetries are ignored since they do not propagate. S
gh
is the ghost action.
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represented in terms of quasiconformal vector elds v
m
with a unit jump across closed
contours C
m











































for the N=2 fermionic moduli, with a delta-function choice for the fermionic Beltrami
dierentials.
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for the U(1) moduli, after taking the real abelian one-forms for the U(1) Beltrami
dierentials. It must be added that this counting presumes that the vertex op-
erators V
`





) = ( 1; 1) and of ~cc type.
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as Lagrange multipliers [4, 5]. Since the action S
tot
is linear in the













































































are the full (BRST-invariant) supercurrents and U(1) current of
the N=2 string, respectively [4, 5].




































































Like in the N=1 string, this raises issues of globality and boundary terms in moduli space. We
have no comment here.
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for a closed contour  (being a homology cycle or encircling a puncture). Up to n of the
b insertions can be used to convert c-type vertex operators to integrated ones, and any
number of Z

may be taken to upwardly change their ( 1; 1) pictures, keeping the
total picture at (2(h 1)+k; 2(h 1) k). The novel U(1) picture-changing operators
Z
0
serve two purposes: First, a Z
0
associated with a homology cycle enforces a
projection onto charge-neutral excitations propagating across the loop and ensures
factorization on neutral states when pinching the cycle. Second, a Z
0
attached to
a puncture can be absorbed by the ~c-type vertex operator, changing its U(1) ghost
number by removing the ~c factor. In this way, only a single ~c-type vertex operator
remains in the end, plus the 2h real Z
0
insertions associated with the homology cycles.




provides a map between BRST cohomology classes.
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Eq. (37) is formally BRST-invariant, which is important for the consistency and
BRST-invariance of N=2 string amplitudes. The integration over the N=2 matter
elds does not present a principal problem, but it has to be done in the presence of
a background instanton eld A
inst
minimally coupled to the fermions. No sum over
fermionic spin structures appears since it has already been carried out as part of the
U(1) moduli integration. The integration over the metric moduli follows the lines of
the familiar N=0 and N=1 cases.
5 The spectral ow. The N=2 NSR string fermionic matter elds  

are sections
of a complex twisted spinor bundle, just like the gravitini. For vanishing instanton
number, k=0, this becomes a twisted holomorphic spinor bundle. The associated
spin structures parametrizing the NS/R sectors or monodromies of  in an n-point





in the Picard variety of eq. (16).

























g, because the  carry U(1) charge [10]. We can in fact reach any point
in the Picard variety and, in particular, move to any other spin structure. Since the







A and the U(1) moduli space has no boundary, we conclude that the
sum over the NSR spin structures (and, in fact, over all intermediate monodromies) is
automatically contained in the integration over the U(1) moduli. This is the so-called
spectral ow of Ooguri and Vafa [11].
As a consequence, the distinction between NS and R sectors is U(1) moduli-
dependent and thus cannot be physical. This feature is not restricted to h  1,
but appears just as well for the n-punctured sphere, i.e. for tree-level N=2 string
amplitudes. More precisely, any pair of R-type punctures can be turned into a pair
of NS-type, since there are n 1 independent cycles and the sum of all twists has to
vanish. Hence, the R-type and NS-type states of the N=2 string cannot be physically
distinguished and their correlators must coincide, which is consistent with our pre-
vious explicit calculations [5]. Note, however, that the correlation functions should
depend on the value k of c, which may be changed by allowing for a non-zero but
integral total twist of the external states.








, which shifts the puncture
monodromies by 
`

























where, remarkably, the spectral-ow operator SFO(; z) can be written in the explicit
form
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Normal ordering is implicit in our formulae. SFO() generalizes the instanton number-changing
operators SFO(1) of refs. [12, 13].
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and obtained a local operator. It is easy to check that SFO is BRST invariant but not
BRST trivial. However, like for the Z

, the derivative @SFO is BRST trivial, so we












































= 0 : (45)







) is extended to the
small N=4 superconformal algebra by adding the SU(2) ladder operators SFO(1)
and closing the algebra.
The NS$R exchange is accomplished at,  = 
1
2










) and NS(R)  V
NS(R)
. The index
on R indicates that we can ow to two dierent Ramond vertex operators. The N=2



























respectively. The spectral ow operators SFO




















This leads, for example, to the following identications among tree-level two-, three-














































which were all veried by explicit calculations in ref. [5]. At tree-level, non-vanishing
correlators require jkj  n 2, so that the complete three-point amplitude, for exam-


























with a momentum-dependent factor f(p) [5], we relate
eq. (48) to the k=0 case and nd that the two terms in eq. (48) cancel each other
12
on-shell. This leaves us with the standard U(1; 1)-invariant result for the tree-level
three-point function and removes the U(1; 1) non-invariant k 6=0 terms (see also ref.
[14]). It would be interesting to check whether such a mechanism ensures global
U(1; 1) symmetry in general.
Finally, it should be noticed that the discussion of spectral ow heavily relied
on the use of the holomorphic basis for bosonization. In contrast, in the real basis
(discussed also at length in refs. [5, 14]) the spectral ow is obscured and the operator
dened by eq. (43) is non-local.
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